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Abstract 



We report on the multipolar equations of motion for spinning test bodies in 
the de Sitter spacetime of constant positive curvature. The dynamics of spinning 
particles is discussed for the two supplementary conditions of Frenkel and Tulczyjew. 
Furthermore, the 4-momentum and the spin are explicitly expressed in terms of the 
spacetime coordinates with the help of the 10 Killing vectors available in de Sitter 
spacetime. 



Q-i The multipolar equations of motion, commonly termed Mathisson-Papapetrou equa- 

^ : tions issmininiiTBinsiiii] 
bx); 

p a = --S^u?R^ a , S a P = 2p^ U P\ (1) 

^ ■ represent a self-consistent set of equations, which is widely used for description of spin- 

lO . ning test bodies in General Relativity. Here " ' " = D/ds = u a V a , and a test particle 

is described in terms of the 4-momentum p a , the 4- velocity u a , and the tensor of spin 
S a P. We report on the solution of the equations of motion ([1]) in a maximally symmetric 
O ' 4-dimensional space represented by de Sitter spacetime. Our analysis extends well-known 

results from flat spacetime - in which the dynamics of spinning test bodies already be- 
comes nontrivial 0QU1I2I] _ to a manifold with non- vanishing curvature. In particular we 
make use of the two frequently used supplementary conditions [9l [T5l[T9] 

S"% = 0, (*), S a % = 0. (**) (2) 

and are able to obtain analytic results. This is in contrast to the analysis in most other 
spacetimes in which the lack of symmetry - compared to de Sitter space - complicates the 
situation and usually necessitates to make additional simplifying assumptions. We should 
stress that our analysis is valid for both interpretations of the Mathisson-Papapetrou 
equations which can be found in the literature, i.e. it applies to point particles as well 
as to extended test bodies. One should keep in mind though, that there are preferences 
regarding the supplementary condition [U El [TTl HH] , depending on the system which is 
supposed to be described by the equations of motion. In the following our conventions 
and notation follows that of 1131. 



Spacetime with maximal symmetry The curvature of de Sitter spacetime is given 
by Rfx VO P = {ga^t ~ 9au^^), where £ is a real constant. The first equation of motion 
from (CQ) then reduces to 

V a = j 2 S a %. (3) 
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Tulczyjew condition Assuming (**) from (JSJ), we introduce the 4- vector of spin via 
S a := rt a ^ v ppS^. The inverse formula yields the spin tensor in terms of the spin vector: 
^ a/3 = JM^ r l al3 ^ U Pt J -^ u ^ with M 2 := p a p a . As a result, the equations of motion of a spinning 
test body in the de Sitter spacetime under the Tulczyjew condition reduce to 

■a (**) n da (**) n a (**) a /i\ 

p =0, S — 0, p = mu , (4) 
where we introduced m := p a Ua,, or, equivalently 

■a (**) n aByS n (**) n /r\ 

It = 0, T] P ~ UpSjS = 0. (5) 

The first equation actually means that the trajectories of the spinning bodies are the 
geodesies in the de Sitter space. The second equation describes the precession of the spin 
vector, or tensor, of a body during its motion along a geodesic curve. 

Prenkel condition The dynamics for (*) from (j2J) have a certain similarity to the above 
case, however there are important differences. In particular, from ([3]) we immediately infer 
that, like in the previous case, the momentum is covariantly constant, p a = 0. Following 
the same line of reasoning, we define the 4- vector of spin by S a := rj^^UpS^. The 
inverse formula yields the spin tensor in terms of the spin vector: S a/3 = ^r] a ^ flu u^S u (we 
use the normalization u 2 = 1). Directly from the definition of the spin vector, we derive 
that the spin vector is Fermi- Walker transported. We thus have the system 

p a = 0, = 0. (6) 

Here := 5% — u a up. Although this looks formally similar to (]1J), the actual dynamics is 
very different. In particular, the trajectories are no longer geodesies because the momen- 
tum does not coincide with the velocity. The above system can be simplified even further 
and we end up with the final system: 

f = 0, S ai =0, p a = mu a - S ap iip. (7) 

Hence, in de Sitter space the spin is also parallely transported under the Frenkel condition. 
Equivalently, one may look for solutions of the system 

S a % - mii a ( = } 0, S aP + 2u [a S^ Ul ^ 0. (8) 

Geodetic motion plus parallel transport of the spin (u a = 0, S a = 0) is a solution of ([7]). 
However, in general the motion of a spinning body described by (J7J is more complicated. 
We introduce a new vector variable Q a := S a ^pp, which has constant length and is 
orthogonal to the velocity - i.e. Q a is spacelike. One can then show, that the second 
derivative of Q a is actually the force which pushes the body away from the geodesic, i.e. 
in general one has u a = — Q a . Furthermore the "Q-force" fulfills an oscillator equation 

Q a + oo 2 Q a = 0, (9) 

with the frequency u := 2M /V - S a S a = Mj \j \S a pS a ^ . Qualitatively, the dynamics of 
spinning bodies subject to the Frenkel condition in the de Sitter spacetime is similar to 
that in flat space [10]. Everything is determined by the initial conditions. If initially (at 
the proper time s = 0) spin is parallel to the momentum, i.e. S a ^pp = (hence Q a = 0), 
then this is true on the whole trajectory that turns out to be geodesic. Otherwise, 
the trajectory is a geodesic curve, perturbed by the oscillatory motion of Q a with the 
frequency u. 
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Integrals of motion The de Sitter spacetime has exactly the same number of Killing 
vectors as the total number of the "gravitational charges", that is, 10. Hence, we can try 
to find the momentum and the spin without solving differential equations by just 
making use of the 10 conservation laws. This task is most straightforwardly treated in 
the conformally flat representation, i.e. 

ds 2 = ip 2 r] al3 dx a dx fi ', ?7 a/ 3 = diag(+l, -1, -1, -1). (10) 

The conformal factor depends only on the 4-dimensional "radius" a = r] a/ 3X a x 13 , namely, 

11 

<P= = B- 11 

W 1 P -^T~ 

In this representation, the Killing vectors [3] £1X6 cLS follows: 

f = ( 1 + ^H-^> < 12 > 

£ = % a dp - x p d a . (13) 

[a/3] 

Furthermore, we make use of the fact that the scalar 

2£aP a + S a ?V a ^ = const (14) 

is an integral of motion of the system (JT|) for any Killing vector £ a . By substituting f fT2|) 
and f|T3|) into ffT4^) . we have the algebraic system 

2^p» + S^V^ u = 2U a , (15) 

(a) (a) 

2 £mP M + £ MI % £„ = 2S Q/3 . (16) 

[a/3] [a/3] 

Here U a and = — S^q are the 4 + 6 = 10 constants of motion. This system is solved 
by 

p" = ^rTSa^ + rrn,, (17) 

= fj^fj^ Y, aP + ^ a u a x u -rn a x", (18) 

where we introduced f)^ := (l - Jr) 77^ + and 77^ := (l + ^) 77^ - i.e. we 

are able to express the momentum and the spin as functions of the constants of motion. 
Remarkably, the dependence on the spacetime coordinates is merely polynomial. 



Summary Qualitatively, the dynamics of spinning test bodies in de Sitter spacetime is 
similar to the one obtained in flat spacetime. For the Tulczyjew condition (**), the body 
moves along a geodesic curve, whereas the spin vector is parallelly transported along the 
trajectory. In the Frenkel case (*), the spin is still parallelly transported, but geodesic 
motion is just one special solution of the equations of motion. When the initial value of 
Q a is nontrivial, then the body is affected by the spin-dependent force, the acceleration 
u a is nontrivial, and the trajectory oscillates around a geodesic with the frequency u. 
Furthermore, the high symmetry of de Sitter spacetime allows for polynomial expressions - 
w.r.t. the spacetime coordinates - of the momentum and spin as functions of the constants 
of motion. 
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